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We extend and strengthen the result that, in the complete graph K, with independent random 
edge-lengths uniformly distributed on [0, I], the expected length of the minimum spanning tree 
tends to s as n~ --. In particular, ifK. is replaced by the complete bipartite graph Kn.~ then there 
is a corresponding limit of 2~(3). 

1. Introduction 

Suppose that we are given a complete graph K n on n vertices together with 
lengths on the edges which are independent identically distributed non-negative 
random variables. Suppose that their common distribution function F satisfies 
F(0) =0,  F is differentiable from the right at zero and D =  F~. (0)>0.  Let  X denote 
a random variable with this distribution. 

Let  L~ denote the (random) length of  the minimum spanning tree in this 
graph. Frieze [3] proved the following: 

Theorem 1. 

(a) I f  E(X)<~o  then lim E(Ln)=((3)/D, where 
n . . ~  o o  

~(3) = ,~  k -a = 1.202... 
k ~ l  

(b) I f  E(XZ)<oo then l i m V a r ( L n ) = 0 ,  and so in particular Ln-~(3)/D in 

probability. 1 

Recently, Steele [5] has shown that the convergence in probability above holds 
without assumptions on moments. 

In this paper we generalise Theorem I to graphs other than K, .  We shall also 
simplify the proofs and sharpen the results. 

Let  H be afixed connected multigraph, with vertex set V(H)  = {vl, vz, .... vh}. 
Corresponding to each edge e of  H let Fe be a distribution function of  a non-negative 

AMS subject classification (1980): 05C80 



364 A . M .  F R I E Z E .  C. J. H .  M e D I A R M I D  

random variable such that Fe(0 ) =0 and F e has a right derivative D e at 0. We assume 
that there exists D > 0  such that for each vertex v of H, 

Z D e = D .  
vEe  

(Observe that loops contribute once to this sum.) 
For each n = 1, 2 . . . .  let H, be a (loopless) graph obtained as follows. Replace 

each vertex vl o f H b y  a set Vi ofn  new vertices, so that [V(H,)[=nh. Now join two 
distinct vertices of H. by the same number of edges as join the corresponding vertices 

f x 

o f H .  Thus if  H has 2 loops and v non-loops then H,  has #=[~1 2+n% edges. 

Let the edges of H, have independent lengths, where the length of an edge e 
is distributed according to the distribution for the edge of H from which e arose. 
Let us extend our notation so that the length of eEE(Hn) has distribution function 
Fe as well. 

For any connected graph G with non-negative edge-lengths let L(G) denote the 
length of a minimum spanning tree in G. 

Theorem 2. As n~r L(H,)-~(h[D)~(3) a.s. 

This result follows (by a Borel---Cantelli lemma) from 

I.emma 0. For any 5>0 there exists c, 0< c< 1 such that 

P(IL(H,)--(h/D)~(3)I  > 5) < c "1+'. 

Theorem 1 follows from the case where H has a single vertex and a single 
loop, so that 11,=1s Some other interesting cases are the following, where for 
simplicity we make each edge length uniform on [0, 1]. 

(1) L((K,),,)--,- r r--1 ((3) a.s. 

(Here (Kr), is the complete multipartite graph with r blocks each of size nl) In parti- 
cular L(K,.,)--2C(3) (see [4]): 

(2) L((Ck),,) --; k ~(3) a.s. 

(Here Ck is a cycle with k vertices.) 
2 k 

(3) L((at,),) ~ --E- ~(3 ) a.s. 

(Here Qk is the k-cube.) 
We shall prove lemma 0 (and thus Theorem 2) in three stages (sections 3, 4, 5 below), 
but first we have: 
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2. Notation and Preliminaries 

We use two models of random subgraph of  1t.. 
For l_-<m=~# H..m has the same vertex set as H.  and for its edgeset a ran- 

dom m-edgesubset of  E(H.), 
For 0<-p<=l H..p has the same vertex set as H.  and each of  the/a edges of  

H.  are independently included with probabilityp and excluded with probability 1 --p. 
We have need of  the following simple relation between H.,., and H.a, where 

m 
p = ~ :  for any property /I  

/t 

(4) 
This follows from 

l ' ( H . , p ~ r / )  = 

P(Lr..mcn) <- 2 r  

/t 

Z P(n.,p~111 IE(nn.p)l = m')P(IE(H.,,)I = m') 
rn" = O 

and the fact that (i) H.,~ conditional on IE(H.,p)l=m" is distributed as H.,m, 
and (ii) [E(H.,p)I has the binomial distribution B(ll, p). 

3. Expected value for uniform [0, 1] case 

Our approach to proving theorem 2 is similar to that of  [3] but uses martingale 
inequalities in place of  the Chebycheff inequality. We first discuss the case where edge 
lengths are uniform on [0, 1] and H is r-regular (with loops counting once towards 
the degree of a node)., 

Suppose that the edges E(H~)= {ul, us .... , uIx} are numbered so that l(ut)~_ 
~-l(u~+l), i =  I, 2, ..., #--  1 where l(u) is the length of  edge u. 

A minimum length tree may be constructed using the Greedy Algorithm of 
Kruskal [4]. Let F0=q~. Fl={ux}, F~, ..., Fh.-x be the sequence of  edge sets of  the 
successive forests produced. Here IF~I = i  and Fh.-a is the set of edges in a minimum 
spanning tree. 

Next define h=max  {j: ujEFi}' Then 

h n - - T  

(5) L(H.) = Z l(u,,). 
t = X  

and thus 
1 hn' l  

(6) E(L(H.))= #Tel E (  Z h). 

The subgraph F m o f  H.  induced by Um={Ux, us, ..., u,.} is distributed as Hn, m. 
Let ~,. denote the number of connected components of Fm. 

I.emma 1. 
h n - -  I Ix 

Z h= Z ~ m + h n - I ~ - l .  
i = I  m = l  



366  A . M .  FRIEZE, C. J. Iff. McDIARMID 

Proof. 
tt hn--1  

Z ~t,. = Z (hn--r)(t,+x-t,) 
m ~ l  I'=][ 

where th .=/~+l .  This is because Ftr, rt~+a . . . . .  ht.§ ~ all have h n - r  compo- 
nents. Thus 

.d~ Xm = - ( h n -  l ) tx+ t2+ ts+ . . . +  th,-x+ th,, 
/11=1 

and the result follows on noting that t a = l  and th .= /~+l .  

It follows from (6) and the above lemma that 

1 

(7) E(L(H,))= (E(2..)+h.)-l. 

We must therefore estimate E ( ~  ~m)" It will be easier to work with Hn, p 
m = l  

I_emma 2. 

(8) 
where 

1 

p + !  = o 
P r o o f .  

f =of p'(X-,),-'E(,.)dl,= E ( u . )  rot(It--m)' 
o , .=o  m=o (It + 1) ! 

Thus to compute E(L(Hn) ) we need an accurate estimate of  E(ap). 

Lemma 3. I f  p<-4 log n]n then 

E(~ep) = hn~o (rnp) + o (n s/4) 

q~(a) = s~x 7 .  aS-Xe-~ 

(The 'little o' notation in (8) is intended to imply uniformity over relevant p.) 

Proof. As we shall see, the most important components from our point of  view are 
small isolated trees. Let therefore zv denote the number of  components in H,,p 
which are trees of  order n aid or less. Let ~a~(G) denote the set of  s-vertex subtrees of  a 
graph G. For TE~(H. )  we find 

P(T is a component of  H~,p) = pS-X(1-p) . . . . .  (r) 

where, rather crudely, (') O~_e(T)~_r  2 +r. 

and so let gv denote the (random) number of  components in 1t., v. The following 
simplification is from Bollob~s and Simon [1]. 
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Hence 
n~ls 

E(~,) = 2 ,  Z 
s ~ l  TE tFm(Hn) 

pS-Z(1 _ p ) , = - = ( r )  = 

n113 
= (1 +o(n-X/4)) 2 ,  [~(H. ) lp~- le  -"~' .  

We must now estimate I~(H.)I. 
For  each tree T in  ~ ( K , )  and each tree T'  in ~(H.) let ~ ' ( T ,  T') be the set o f  

bijections f between E(T)  and E(T ' )  that correspond to bijections between V(T)  
and V(T') .  . 

Now if T'E~'(H.)  then 

2 '  I ~ ( T ,  T')[ = st 
r ~ er=(K.) 

since each bijection between {1 . . . .  , s} and V(T' )  contributes exactly one to the sum 
on the left hand side. Hence 

1 
(10) ]~(H.) I  = s-~.', z~ 2 ,  I~r(T, T')I. 

r E er=(K.) T' ~ ~r=(n.) 

We shall show that for each TE~(K~) 

$--1 a--1 

(11) hn 1-I r ( n - k )  ~_ 2 I~(T,  T')I ~- hn 11 rn. 
k = l  T' ( o - . ( ~ . )  k== 

Using (11) in (10) and I ~ ( K , ) l = s  =-~ yields 

S s - 2  
I ~ ( H . ) I  = (1 +o(n-1:'))-7-. hr~-~ n~' 

and then from (9) 
n lla s - - 2  

(12) E(zo) = (1 +o(n-Xl'))hn 2 s'7" (nrp) ̀ - ze  . . . .  P" 
s= l  Sl  

0 
To prove (11) note that when s =  1 it is correct (if we i n t e r p r e t / / a s  1). 

k = l  
Assume that it is true for some s_~l : we shall show that it is true for s +  1. Consider 
a tree T in ~+z(K,+I)  and assume without loss of  generality that s +  1 is a leaf o f  T, 
with incident edge e. Then having fixed a bijection f o n  the tree T - ( s +  1) in .~(K,) 
there are between r ( n - s )  and rn choices for the image of  e. This completes our proof  
of  (11) and thus of  (12). 

We observe that since s!~_(s]e)* 

e (nrpel_rnp)s_ a ~ e s ~-2 (nrp)~_le_r,~p < s-- V _ 
s! - s ~ " 

This implies, from (12), that 

(13) E(zo) = hnq~ (rnp) + o(nS/4). 
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We now look at ap =the number of  non-tree components of  H.,p of order 
at most n 1/3. As each such component consists of a tree TE ~ ( H . )  plus some k extra 
edges, we deduce that 

(14) E(ap)~_ 2 Z PS-X(1--P) "s-~(r) 2 r p k ( l _ p ) _ ~ =  
s=X TE.~rz(Hn) k = l  

= E('cp) X o (n- 1/4). 

As H.,p contains at most n ~13 components of size exceeding n 1/~, the lemma 
follows from (13) and (14). il 

For p>---41ogn/n we use the following. 

] . . e m m a  4.  
(a) I f  p =4  log n/n then 

P(H., p is not connected)= O(n-8). 

(b) I f  p=n -314 then 

P(Hn, p is not connected) = O(ne-"l/'). 
Proof. 
(a) If  H . , .  is not connected then either 

(i) h--1 
o r  

(ii) there is a pair of  distinct adjacent vertices vl, v~ in H such that the subgraph 
of  H..p induced by V~U Vj is not connected. 

In case (i) H..p is the standard model G.,p and in case (ii) the subgraph K induced by 
V~U Vj contains a random bipartite graph. For brevity we deal with case (ii) and 
leave case (i) to the reader. Both cases are straightforward. 

I fKis  not connected then there exist Sc_V~, T__Vj suchthat I~_ISI+ITI~_n 
and no edge of Hn,pjoins S O T  to ViUVj-SUT.  Hence 

where 

k, l=0 

.,< n k + l - - d ( k + l ) + ( 8 k l l n )  ..< 

~_ n-C3-2Ck+l)/n)Ck+ 1). 

Part (a) now follows easily, and part (b) may be proved in a similar manner. I 

We can now obtain the limiting value for E(L(H.)) in the special case under 
consideration. 
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l.emma 5. I f  H is r-r e, alar and edge-lengths are independent and all uniform on 
[0, 1] then 

lira E( L(H,)) = (h/r)( (3). iI~eo 

Proof. It follows from (7) and Lemma 2 that 

1 

~E(L(H~)) = f (g(g,)-l)dp+. hn 
o # + 1  " 

Now if po=4 log n/n then by Lemma 3, 

: O E ( ~ , p )  ,$,s-2 Po 
dp hn ~ ~ = f (rnp)'-le -'~p~ dp +o (n3/4po) = 

0 s=l 0 

~ - - 2  4rlogn 

= (h/r) Z - T v  f xS-le-SXdx+o(logn/n V') =, 
�9 0 

= (h/r) ~ (3) + o (log n/nt/'). 

To see the last equation above note that 

and 

f x ' - l e - ~ d x = O ( e  -~ if to=to(n)-+~o 
r 

:x'-le-'Xdx = ( s - l ) t / : .  
0 

It follows from Lemma 4(a) that for P~-Po, E(gp)= l+0(n  -~) 
1 

f (E(~,,)- l)-dp=O(n-D. Hence 
Pa 

(15) E(L(H~)) = (h/r)~(3)+o(log n/n114) �9 1 

and so 

4. Probabil i ty  inequality for  uniform [0, 1] case  

Our aim next is to prove that there is a constant A=A(r ,  h)>O such that 
for any O<e<2h/r  

(16) P(IL(H, ) -  (h/r)~(3)l ~_ 8) ~_ e -a ' 'a"  

for n suffeiently large. We do this in two stages. 

Lemma 6. Let tx, t2, ...,th~-~ be as in (5) and 0-<~<1 be fixed. Then for n suE- 
ciently large 

hn-- I 
P(],~ t , - (h / r ) (#+ l)~(3)l ~_ 8n ~) ~_ e-8",'a/,,h ,. 
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Proof .  We prove this using a martingale inequality. Let Xx, X2 . . . .  , XN be random 
variables, and for each i=1  . . . . .  N let X t~ denote (Xa, Xz . . . . .  Xi). Suppose that 
the random variable Z is determined by X ~N). For each i =  1, 2, ..., N let 

(17) 6, = sup IE(ZIXr - ' )  -E (Z  IXr176 

Here E(ZIX ~~ means just E(Z). The following inequality is a special case of  a 
martingale inequality due to Azuma (see e.g. Stout [6]). For any u_~0 

N 
(18) Pr(IZ--E(Z)I --~ u) _~ 2 exp {--u2/2 Z 6~}. 

1=1 

To apply (18) we take N=[#/n 3/4] and let X~=ut, the i 'h shortest edge of  H~. 
N 

Let Z =  ~ :%. It is not  difficult to see that for 6i as defined by (17) we have 

6z~_N-i+ 1. This follows from the faet (in an obvious notation) that I~r - 
-~%(Ytm)l~_l if there exists k such that Xi=  Yz for i~k or there exist k, l such 
that Xk=Yt, ~ = Y k  and Xt=Yi  otherwise. 

Thus 

(19) P(IZ-E(Z)I ~ U) ~ 2e -3u'IN(N+l)(21v+1) for u --~ 0. 

Now let Z'= ~ ~r It follows from (4) and Lemma 4(b) that 
mffiN+l 

(20) P(Z" ~ / ~ - N )  = 0(n2e -*'/ ') 
and so 
(21) e ( z ' )  = 

Now (7), (15) and (21) imply that 

E( Z) = (h/r)(#+ 1)((3)+0(nV/'  log n). 

1 ~ 1 z We can then use (19) with u=-~n together with Lemma 1, (20) and #~_-~rhn 

to obtain the Lemma. !1 

We must now show that sums of  order statistics Of a large number of  inde- 
pendent uniform [0, 1] random variables usually behave as expected. 

Lemma 7. Let u,, i=1 ,  2 . . . . .  # denote the order statistics of / t  independent uniform 
hn--1 

[0, 1] random variables. Let l<--tl<t2<...<thn_l~_l~ and T =  .~  t t .  Then for 

any fixed 0 < 8 <  1 

u T 8T (22) > < e -~r P  =IZ 

Proof. It is well known (see for example Feller [2]) that if X1, Xz . . . .  , X~+~ are inde- 

pendent exponential random variables with mean 1 than the variables Z~= _Y~ 
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i = 1 , 2  . . . . .  # are distributed as ut, i = 1 , 2 , .  .... # where YI=Xx+X2+...+X~. 
It suffices therefore to prove (22) with u,~ replaced by Zt~. Note now that 

where 

hn--1 p + l  

S =  Z Yt~=j~= alX~ 
k = l  "= 

a j= l{k :  tk~--j}[, and that 
p+ l  

T = Z a  1. 
J = l  

Now for 2 > 0  

P (S  _~ (1 +e )T)  =. P(e as-a(x+Or ~_ 1) ~_ 

~_ E(eXS-~tt +o r) 

. + 1  e -X( l+e)a t  

= f f  1--2aj  J = l  

j - -1  

if  0 < 2 < rain {l/aj} 

1 
if  0 <  2 <-=-min~l /as )  

8 
and on taking 2 =  3h--"n- 

(23) 

Similarly, for any 2 > 0 ,  

(24) 

gltlj 
~ + 1  - ~ 1 - - - - ' 1  

]"[ e 3h. I, 9 hn)  

J = l  

7s ~ T 

_~; e 27 hn as aj ~_ hn. 

e I T  

P(S ~_ ( 1 - D T )  = P(e -~s+m-Or ~- 1) _~ e 2h. 

8 
on taking 2 =  

hn" 

We may argue as above with each aj = I (or otherwise) to obtain 

E| 
(25) P(IY.+t-(~+ 1)1 --~ 8(/.tq- 1)) ~_ e -~-~.  

The result follows from (23), (24) and (25) after replacing 8 by 8[2 throughout the 
proof. 1 

hn--1 
We can now readily establish (16). Let T= ~ h, and let 

Then 

,4. = { I L ( H . ) - ( h / r ) ( ( 3 ) [  ~_ 8}, 

B. = {IT/(#+ 1)-(h/r)((3)l _~ 8/2}. 

P(A.) ~_ P(B.)+P(,4.1B,). 
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Now Lemma 6 gives 

Furthermore, 

~'(AnlBn) <- P(IL(H,)--T/(u+I)I ~-- ~/21~) ~- exp(-gZT/16hn) by Lemma 7, 

where 
g = (el2)l((hlr) ~ (3) q- s/2) 

and 
= ((h/r)~O)-s/2)(l~+ 1). 

The inequality (16) now follows. 

5. General case 

We will now use the inequality (16) to complete the proof of lemma 0 and 
thus of  Theorem 2 in the general case. We shall assume that De>0 for each edge e 
in E(H). Any edges e with D , = 0  would cause only minor irritation. 

We will first use the approach of  Steele [5] to relate a random edge-length Are 
with distribution function F, to one which is uniform in [0, DZI]. Let A, denote the 
set of  atoms of  F, and define Y~ by 

~[DzlS(X,) xeCa, 
Y" = LDZl(Fe(X,-)+ U,(Fo(X,)-F,(X,-)) XeCAe. 

where Ue is a uniform [0, 1] random variable (and we make a suitable assumption of 
independence). 

Observe that Ye is uniform on [0, D~ "x] and Xe>X~, implies Y,>-Ye,. It 
follows that there is always a tree T which is simultaneously of  minimum length for 
edge-lengths {X,} and {Ire}. 

Our hypotheses for the F~, e6E(H) show that we may write F~(x)=D~x+ 
+xge(x) and F~(x-)=Dex+xhe(x) where g, and he go to zero as x~0 .  We 
then have 

(27) DzlX, h,(X,) ~_ ~ Y, -  ~ S, ~_ z~ DZlX, ge(X,). 
e E T  e E T  e 6 T  e6. T 

Our immediate task is to bound the probability that either of  the outside terms 
of(27) is significant. Letg*(x)=sup {ge(y): O<=y~_x} for eEE(H). Now fix e>0.  
For eEE(H) let 

,~ = ~ ( 8 )  = sup {,~: g*(,~) _~ 8D~}. 
Let 

and 
# = rain {2e: eEE(H)} 

v = rain {P(Xe </~): eEE(H)}, 

and note that /~>0, v>O. 



RANDOM MINIMUM LENGTH SPANNINO TREES 373 

T h e n  

P( Z D z I X ,  g,(X,) > ~ Z X~) ~_ P(X~ ~_ 1~ for some eCE(H)) ~_ 
e E T  e E T  

~_ P(H,., is not connected). 

But this last quantity is at most e -"'m (for n sui~iciently large) by an argument similar 
to that of  Lemma 4. An analogous argument yields 

P( Z Dz~Xeh, fX~) .<--5 Z Xe) ~- e-""/' 
e E T  e E T  

for some v'=v'(5)>0. 
Thus if L(H~,) denotes the length of a minimum spanning tree when the length 

X.' of  edge eEE(H) 

(28a) 

is uniform in [0, D~ -1] then we can write, for small fixed e>O. 

P(L(H,,) ~_ (l +5)~(h/D)~(3)) ~_ 
") (1 

and 
(28b) P(L(H,,) ~_ (1-8)~(h/D)~(3)) ~_ 

e-"r + P(L(H',) ~_ (1-m)(h/D)~(3)). 

These results reduce the general case of the theorem to the ease of uniform edge- 
lengths. Thus in particular the inequality (16) holds also when all edge lengths have the 
negative exponential distribution with mean 1. 

However, the above argument works also in the other direction; and we have 

P(L(H;) ~_ ((1 +5)/(1-e))(h/D) ~(3)) ~_ 

~_ e-n"/5 + P(L(H,,) ~_ (1 +8)(h/D)~(3)) 

P(L(H~,) .< ((1--5)/(1-t-e))(h/D)~(3)) ~_ 

< 

(29a) 

and 
t29b) 

Thus the case of uniform edge-lengths reduces to the case of (negative) exponential 
edge-lengths. 

Now we are almost home. We wish to show that lemma 0 holds when the edge- 
lengths have exponential distributions. 

Let us check first that we may take each De rational. Let D' be rational, 
0 < D ' < D .  We shall show that there exist rational D~, 0<D~<De for eEE(H) 
such that ~ '  D',=D" for vE V(H). A similar approximation from above may be 

vEe 
obtained by the reader. 

Suppose then that 0 < ~ <  1 and D'=(1--5)D is rational. Write D'=M[N 
where M and N are positive integers such that both 5ND,~_I and (1-5)NDe~_I 
for each eEE(H). Observe next that the polyhedron 

z~ x~ = ( 1 - 8 ) D  
vEe 

I/N x, [O-e)  Nnd/N 
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is non-empty, since it contains the point  x~ = (1 - 8) D,,  eE E(H) .  But the polyhedron 
is rational, and so it contains a rational point, as required. 

Finally then we wish to show that lemma 0 holds when each edge e of  H 
has exponential distribution with rational parameter 2e=D~=Pe/Q. Consider the 
g r a p h / ~  obtained from H by replacing each edge e by Pe parallel copies, each with 
edge-length exponentially distributed with parameter I /Q (mean Q). Then L(H~) 
and L(/~n) have the same distribution, and we have already shown the required result 
for L (/~,). 
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